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Abstract: We study black hole singularities in the AdS/CFT correspondence. These

singularities show up in CFT in the behavior of finite-temperature correlation functions.

We first establish a direct relation between space-like geodesics in the bulk and momentum

space Wightman functions of CFT operators of large dimensions. This allows us to probe

the regions inside the horizon and near the singularity using the CFT. Information about

the black hole singularity is encoded in the exponential falloff of finite-temperature corre-

lators at large imaginary frequency. We construct new gauge invariant observables whose

divergences reflect the presence of the singularity. We also find a UV/UV connection that

governs physics inside the horizon. Additionally, we comment on the possible resolution of

the singularity.
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1. Introduction

The AdS/CFT correspondence [1 – 3] provides exciting avenues for exploring various issues

in quantum gravity. An important question that the AdS/CFT correspondence may shed

light on is that of the nature of spacelike singularities, like the Big Bang or the singularity

of a Schwarzschild black hole. A good laboratory for studying spacelike singularities is an

eternal black hole in anti-de Sitter (AdS) spacetime. It has been conjectured that quantum

gravity in an AdSd+1 black hole background is described by a boundary conformal field

theory on Sd−1 × R at a temperature given by the Hawking temperature of the black

hole [2, 4, 5].1

1More precisely, an AdS black hole appears as a saddle point in the path integral of boundary theories

in the large N limit.
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The conventional wisdom regarding singularities is that they signal the breakdown of

classical gravity and should go away when stringy or quantum gravitational effects are

taken into account. Since in AdS/CFT, classical gravity corresponds to the large N and

large ’t Hooft coupling limit of the boundary theory,2 one expects that finite N or finite

’t Hooft coupling effects may resolve these singularities [6, 5]. Such considerations suggest

the following strategy:

1. Identify manifestations of the black hole singularity in the large N and large ’t Hooft

coupling limit of the finite temperature boundary theory;

2. From these manifestations, understand the precise physical mechanism through which

the finite N or finite ’t Hooft coupling effects may resolve the singularity.

In the boundary theory, the physical observables are correlation functions of gauge invariant

operators. This means that the physics of singularities should be encoded in the behavior

of boundary correlation functions in appropriate limits.

One of the obstacles3 in understanding black hole singularities from finite temperature

boundary theory is that the singularities are hidden behind event horizons. The boundary

conformal field theory evolves through the bulk Schwarzschild time, i.e. from the point

of view of an external observer, and does not appear to directly describe the physics

beyond the horizon. In other words, if time evolution inside the horizon of a black hole

is to be described by the boundary theory, time has to be holographically generated. This

makes the problem particularly challenging, while at the same time exciting. In particular,

understanding physics beyond the horizon should shed light on how to holographically

describe a Big Bang cosmological spacetime.4

A number of authors [5, 7 – 17] have explored how to extract physics beyond the hori-

zon from the boundary theory correlation functions.5 In particular, Fidkowski et al [12]

found an interesting but subtle signal of the singularity in the boundary correlators. They

found that AdSd+1 black holes with dimension d ≥ 3 contain spacelike geodesics, connect-

ing two asymptotic boundaries, which could get arbitrarily close to the singularity. The

authors further argued that such geodesics imply the presence of poles on secondary sheets

of the analytically continued coordinate space correlation functions in the large operator

dimension limit.

Here we further explore the manifestations of the black hole singularity in the boundary

theory and discuss their implications for the resolution of the singularity.

We will establish a direct relation between space-like geodesics in the bulk spacetime

and the large operator dimension limit of momentum space Wightman functions in the

boundary theory. We show that physics in the region beyond the horizon is encoded

2While we are interested in black holes in all dimensions, when talking about boundary theories, we will

more specifically have in mind d = 4, which are SU(N) Yang-Mills theories.
3in addition to the standard difficulties to decode the local bulk physics from boundary theories
4The regions around the past and future singularities of a black hole can also be viewed as Big Bang or

Big Crunch cosmologies.
5See also [18, 19]. For other recent discussion of spacelike singularities in AdS/CFT, see e.g. [20 – 22].
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in the behaviors of boundary correlation functions along the imaginary frequency axis. In

particular, this gives a clear indication that the “time” inside the horizon is holographically

generated from the boundary theory. The presence of the curvature singularity leads to

certain exponential falloff of the correlation functions near the imaginary infinity. We also

construct new gauge invariant observables which have singularities precisely reflecting the

curvature singularity of the black hole.

In this paper we will present the main idea using the example of an AdS5 Schwarzschild

black hole, leaving technical details and more extensive discussions of other examples to a

longer companion paper [23]. In [24] we develop a new method for computing the large mass

quasi-normal frequencies of the black hole, whose knowledge is crucial for the discussion of

this paper and [23].

The plan of the paper is as follows. In section 2, we review the relevant black hole

geometry and the computation of boundary Wightman function in AdS/CFT. In section 3,

we establish a connection between bulk spacelike geodesics and boundary Wightman func-

tions in the large operator dimension limit. In section 4, we study the manifestation of

the singularities in Yang-Mills theory. We conclude in section 5 with a discussion of the

possible resolution of singularities at finite N .

2. Boundary correlation functions from AdS/CFT

2.1 Black hole geometry

We will consider big black holes in AdS5, which have a positive specific heat and are

the dominant contribution to the thermal canonical ensemble of the boundary Yang-Mills

theory when the temperature is sufficiently high [25].

The metric for a Schwarzschild black hole in an AdS5 spacetime is given by

ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2
3 (2.1)

with

f(r) = r2 + 1 − µ

r2
=

1

r2
(r2 − r2

0)(r
2 + r2

1),

r2
1 = 1 + r2

0, µ = r2
0r

2
1 (2.2)

where µ is proportional to the mass of the black hole and the event horizon is at r = r0.

r0, r1 can be solved in terms of µ. We have set the curvature radius of AdS to be unity, as

we will do throughout the paper. As r → ∞, the metric goes over to that of global AdS

with t identified as the boundary time. The fully extended black hole spacetime has two

disconnected time-like boundaries, each of topology S3 × R.

It is often convenient to use the tortoise coordinate

z =

∫ ∞

r

dr

f(r)
= − β

4π
log

(
r − r0

r + r0

)
+

β̃

2π
tan−1 r1

r
(2.3)

with

β =
2πr0

r2
0 + r2

1

, β̃ =
2πr1

r2
0 + r2

1

. (2.4)
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Figure 1: Penrose diagram for the AdS black hole. There are two asymptotic AdS regions, which

are space-separated from each other. A null geodesic going from the boundary to the singularity is

indicated in the figure.

The region outside the horizon corresponds to z ∈ (0,+∞) with z = 0 at the boundary

and z → +∞ at the horizon. β is the inverse Hawking temperature. To have a feeling of

the physical meaning of β̃ we note that the complex Schwarzschild time that it takes for a

radial null geodesic to go from the boundary to the singularity is given by

±
∫ ∞

0

dr

f(r)
= ±1

4
(β̃ ± iβ) (2.5)

where the imaginary part of the integral arises by going around the pole at r = r0 in the

complex r-plane. A nonzero β̃ implies that the Penrose diagram for the black hole is not

a square, as was first pointed out in [12]. It is convenient to introduce a complex quantity

B = β̃ + iβ =
2π(r1 + ir0)

r2
0 + r2

1

=
2π

r1 − ir0
(2.6)

which will be important in our discussion. One can invert (2.3) to find r(z). In particular,

for Rez >
eβ
4 , r is a one-to-one periodic function of z with period iβ

2 .

We will consider the complexified Kruskal spacetime in which points related by

t → t + i
m + n

2
β, z → z + i

m − n

2
β, m, n ∈ Z (2.7)

are identified. The Lorentzian section 1 of the complexified spacetime can be conve-

niently described using (t, z) with constant imaginary parts. For example, up to iden-

tifications (2.7), region III can be specified by

Im t = − iβ

2
, Im z = 0 . (2.8)

2.2 Boundary Wightman functions

Now consider an operator O in the boundary theory corresponding to a bulk field φ of

mass m. In the supergravity limit, the conformal dimension of O is given by [3, 2]

∆ =
d

2
+ ν, ν =

√
d2

4
+ m2 . (2.9)
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Thermal boundary two-point functions of O can be obtained from free bulk Green functions

of φ in the Hartle-Hawking vacuum by taking the arguments of φ to the boundary (see

e.g. [26, 27]).6 For example, the boundary Wightman function is obtained by

G+(x, x′) = lim
r,r′→∞

(2νr∆)(2νr′∆)G+(x, r;x′, r′) (2.10)

where G+ and G+ denote the bulk and boundary correlation functions respectively

G+(x, x′) = Tr
[
e−βHO(x)O(x′)

]
, (2.11)

G+(x, r;x′, r′) =
〈
0|φ(r, x)φ(r′, x′)|0

〉
HH

. (2.12)

In the above equations we used the notation x = (t, e) with e denoting a point on S3 and the

subscript “HH” denotes the Hartle-Hawking vacuum. Going to momentum space (2.10)

becomes (see the appendix for a definition of the Fourier transform)

G+(ω, l) = lim
r,r′→∞

(2νr∆)(2νr′∆)G+(ω, l; r, r′) , (2.13)

where l denotes the angular momentum on S3. The Feynmann (retarded) propagator in

the bulk leads to the Feynmann (retarded) Green function on the boundary by the same

procedure. In this paper we will focus on G+ for reasons to be commented on later.

Since the extended black hole background has two asymptotic boundaries, we can

also take r and r′ to different boundaries. Such points are always space-like separated

in the bulk and lead to boundary correlation functions of complex time separation (see

equation (2.8))

G12(t) = Tr
[
e−βHO(t − iβ/2)O(0)

]
= G+(t − iβ/2) (2.14)

where we have suppressed the boundary spatial coordinates for notational simplicity. G+(t)

is analytic for −β < Imt < 0 and the two-sided correlator G12(t) can be obtained from

G+(t) by simple analytic continuation.7

G+ can be found in terms of solutions to the Laplace equation for φ following the

standard free field quantization procedure. Let

φ = e−iωtYI(e)r
− d−1

2 ψ(ω, p; r),

with YI(e) denoting scalar spherical harmonics on S3 (see the appendix for notations on

spherical harmonics). The Laplace equation for φ can then be written in terms of the

tortoise coordinate as a Schrodinger equation for ψ

(
−∂2

z + Vl(z) − ω2
)
ψ = 0 . (2.15)

6For discussion of boundary Lorentzian correlation functions in the supergravity approximation, see

also [28 – 31].
7In contrast, the Feynman and retarded functions have singularities in the range −

β

2
< Imt < 0.
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Vl(z) can be expressed through r(z) as

Vl(z) = f(r)

[
(l + 1)2 − 1

4

r2
+ ν2 − 1

4
+

9µ

4r4

]
. (2.16)

For real l > 0, Vl(z) is a monotonically decreasing function of z ∈ (0,∞). Near the

boundary,

Vl ≈
ν2 − 1

4

z2
, z → 0 , (2.17)

and near the horizon

Vl ∝ e
− 4π

β
z → 0, z → +∞ . (2.18)

For any given real ω the Schrodinger equation (2.15) has a unique normalizable mode

ψωl, which we will take to be real. We normalize it at the horizon as (δω is a phase shift)

ψωl(z) ≈ e−iωz−iδω + eiωz+iδω , z → +∞ . (2.19)

As z → 0, ψωl has the form

ψωl ≈ C(ω, l)z
1

2
+ν + · · · , z → 0 (2.20)

where the constant C is fixed by the normalization of (2.19). It is easy to check that ψωl

is even in ω.

Using the mode expansion of φ in the Hartle-Hawking vacuum, the bulk Wightman

propagator G+ (2.14) in momentum space can be written in terms of ψωl as

G+(ω, l; r, r′) =
1

2ω

eβω

eβω − 1
(rr′)−

d−1

2 ψωl(r)ψωl(r
′) (2.21)

which leads to the boundary G+ upon using (2.13) and (2.20)

G+(ω, l) =
(2ν)2

2ω

eβω

eβω − 1
C2(ω, l) (2.22)

G+ is to be evaluated for real ω, l and can be analytically continued to general complex ω

and l.

2.3 Analytic properties

Equations (2.21) and (2.22) indicate that the boundary Yang-Mills theory has a continuous

spectrum in the large N and large ’t Hooft coupling limit, despite being on a compact space.

At finite N , the theory should have a discrete spectrum on S3. In the bulk the continuous

spectrum arises due to the presence of the horizon.

The analytic properties of G+ in the complex ω-plane for a given l can be deduced by

applying standard techniques of scattering theory to (2.15). The fact that r is a periodic

function of the tortoise coordinate with a period iβ
2 implies that: [23]

1. The poles in the prefactor 1
ω(eβω−1)

cancel with zeros of C2. G+ is analytic at ω = 0

and ω = 2πin
β

, n ∈ Z.

– 6 –
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Figure 2: Poles for G+(ω, l) for l = 0 in the complex ω-plane. We use r0 = 1, r1 =
√

2.

2. The only singularities of G+ in the complex ω-plane are poles. The locations of the

poles obey a reflection symmetry: if there is a pole at ω0, then there are poles at

−ω0, ω
∗
0 ,−ω∗

0 .

These two features are quite generic, applicable to AdS black holes of all dimensions. The

poles of G+ in the lower half ω-plane coincide with those of the retarded propagator GR and

correspond to quasi-normal frequencies of the black hole background. Since it is not known

how to solve the Schrodinger equation (2.15) exactly, the determination of the quasi-normal

poles is a difficult mathematical problem.

When l = 0 (or small compared to ν or ω), the problem simplifies and various meth-

ods [32 – 36] can be used to determine the locations of poles of G+ approximately. One

finds that there are four infinite lines of poles as indicated in figure 2. The poles in the

upper right quadrant are given by [24]

ω ≈ 2π

B
ν + ω0 +

4πn

B
, n = 0, 1, · · · (2.23)

The other lines are obtained by reflections. ω0 in (2.23) is a constant of O(1) (independent

of ν) whose exact value is not relevant here.8

The quasi-normal frequencies for l 6= 0 and other dimensions are more complicated to

find and will be discussed in [24].

3. Boundary Wightman functions and bulk geodesics

3.1 A semi-classical approximation

We now develop a “semi-classical” approximation to equation (2.15), in the following large

ν limit

ω = νu, l + 1 = νk, ν À 1 , (3.1)

i.e. we take the mass m of φ to be large and “measure” the frequency ω and angular

momentum l in units of m. With ψ = eνS equation (2.15) becomes

−(∂zS)2 − 1

ν
∂2

zS + V (z) +
1

ν2
Q(z) = u2 (3.2)

8The accuracy of equation (2.23) increases with n. A comparison with the numerical results obtained

in [32] shows that it appears to work well even for n small.

– 7 –
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0
z

V(z)

Figure 3: The potential V (z) with µ = 10 and k = 0 is shown. zc is the turning point. Dashed

and solid lines indicate the classically forbidden and allowed regions respectively.

with

V (z) = f(r)

(
1 +

k2

r2

)
, Q(z) = f(r)

[
− 1

4r2
− 1

4
+

9µ

4r4

]
. (3.3)

With k2 ≥ 0 the leading order potential V (z) is a monotonically decreasing function

for z ∈ (0,+∞) as indicated in figure 3. For scattering sates with u > 0, (3.2) can be

solved order by order in 1/ν expansion using the standard WKB method. In the classically

forbidden region (see figure 3), the exponentially decreasing solution can be written as

ψ
(wkb)
ωl (r) =

1√
fκr

eνZ
(
1 + O

(
ν−1

))
(3.4)

with9

Z(r) = −
∫ r

rc

dr′ κr(r
′), κr =

1

f

√
V (r) − u2 . (3.5)

rc in the lower integration limit of (3.5) is the turning point, given by the real positive root

of the equation

V (r) = f(r)

(
1 +

k2

r2

)
= u2 . (3.6)

For u2 > 0, equation (3.6) has a unique positive root rc > r0. Z satisfies the equation

fZ ′2 − k2

r2
+

1

f
u2 = 1 (3.7)

with Z ′(rc) = 0. Note that we have written the above equations in terms of r for con-

venience. One can equivalently write them in terms of the tortoise coordinate z. The

expressions in terms of r are more convenient to visualize the analytic continuation to be

discussed later.

The expression for ψ
(wkb)
ωl in the classically allowed region of the potential (3.3) (i.e.

for zc < z or r0 < r < rc) follows from the standard connection formula, from which one

can determine the relative normalization between ψ
(wkb)
ωl of (3.4) and ψωl of (2.19) to be

ψ
(wkb)
ωl =

1√
u

ψωl, u > 0, ν → ∞ (3.8)

9The branch cuts for κr on the complex r-plane are chosen so that they do not intersect the integration

contour in Z.
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From (3.8) we find that in the limit (3.1) the boundary Wightman function G+ can

be expanded as

G+(ω, l) ≈ 2ν eνZ(u,k)
(
1 + O(ν−1)

)
+ subdominant terms, ω > 0 (3.9)

with

Z(u, k) = 2 lim
r→∞

(
log r −

∫ r

rc

dr′ κr(r
′)

)
. (3.10)

Higher order 1/ν corrections in (3.9) can also be obtained from (3.2) using the standard

WKB procedure. In particular, the term proportional to Q(z) will be important at order

ν−1. There could also be subdominant terms in (3.9) coming from reflections at other

(complex) turning points of V (r).

While equations (3.9)–(3.10) were obtained for u > 0 and k ≥ 0, they can be analyt-

ically continued to the full complex u and k-planes. We will show in section 4 that the

analytic continuation allows us to probe the region beyond the horizon.

3.2 Relation with geodesics

We expect Z(u, k) in (3.10) to have a simple interpretation in terms of bulk geodesics. The

reason is that in the large mass limit, the propagation of bulk field φ should approximately

follow geodesic paths. Thus we expect a direct relation between the WKB approximation

of the last subsection with the geodesic approximation. The scaling in (3.1) simply defines

u as the “velocity” in t direction and k as the “angular velocity” on S3.

Due to translational invariance in t and isometries on S3, a bulk spacelike geodesic is

characterized by the integrals of motion

E = f
dt

ds
, q = r2 dθ

ds
(3.11)

where s is the proper distance and θ denotes the angular coordinate along the geodesic

motion on S3. We treat geodesics which are related by a translation in t and on S3 as

equivalent. The geodesic satisfies the equation

1

f

(
dr

ds

)2

+
q2

r2
− 1

f
E2 = 1 . (3.12)

Equation (3.12) is precisely (3.7) with the identification10

fZ ′ =
dr

ds
, u = iE, k = iq . (3.13)

κr of (3.5) can be identified as the proper velocity of the geodesic along the r direction.

Thus Z(u, k) can be associated with a (complex) spacelike geodesic with constants of

10The sign choice for the first expression below corresponds to having the geodesic moving away from the

boundary, while those for the last two equations are for convenience. The fact i in relating the boundary

“velocities” u, k to the velocities E, q of the bulk geodesic is due to that the geodesic is spacelike.

– 9 –
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motion E = −iu and q = −ik, which starts and ends at r = +∞.11 More explicitly, one

finds that Z(u, k) can be written as

Z(u, k) = −Et(E, q) − L(E, q) + qd(E, q) (3.14)

where L(E, q) is the (regularized) proper distance of the geodesic, t(E, q) is the time sep-

aration and d(E, q) is the proper distance on S3 between the final and initial points,

L(E, q) = 2 lim
r→∞




∫ r

rc

dr√
f + E2 − f

r2 q2
− log r




t(E, q) = 2E

∫ ∞

rc

dr

f
√

f + E2 − f
r2 q2

d(E, q) = 2q

∫ ∞

rc

dr

r2
√

f + E2 − f
r2 q2

. (3.15)

Also note the relation
∂Z

∂E
= −t(E, q)

∂Z

∂q
= d(E, q) (3.16)

which shows that L(t, d) and Z(E, q) are related by a Legendre transform.

Note that E and q do not specify a geodesic uniquely. (3.15) defines a complex geodesic

with a choice of root rc(E, q) of equation (3.6) as the turning point and a contour from

rc(E, q) to +∞. For the same value of E, q, a different choice of the root or a different con-

tour which cannot be smoothly deformed into the previous one defines a different complex

geodesic. The identification (3.14) with the boundary Z(u, k) selects a specific one among

them.

In the above discussions we have concentrated on the Wightman functions.12 A sim-

ilar relation with bulk geodesics can be established for retarded and Feynmann functions

in momentum space, whose story is more complicated since their dependence on ν is not

uniform. Special care is needed when ν is an integer.13 This makes the large ν limit more

subtle. Even at the leading order, one has to take into account of an infinite number of

classical paths in the WKB approximation [37]. Fortunately, all these additional complica-

tions arise due to the asymptotic behavior of f ∼ r2 near the boundary of spacetime and

do not seem to give additional insight into the question of physics beyond the horizon.

3.3 Coordinate space correlation functions

We now look at the Fourier transform of G+(ω, l) to the coordinate space correlator (see

the appendix for notations)

G+(t; e, e′) =
1

4π2

∞∑

l=0

2(l + 1)Cl(e · e′)
∫ ∞

−∞

dω

2π
e−iωt G+(ω, l) . (3.17)

11Note that depending on the values of E and q the starting and end points can be on the same or

different boundaries.
12Wightman functions already contain all the information of the theory. For example, Feynmann and

retarded functions can be obtained from them.
13This can be seen also from zero temperature correlation functions.

– 10 –



J
H
E
P
0
4
(
2
0
0
6
)
0
4
4

The two-sided correlator (2.14) can be obtained from (3.17) by taking t → t − iβ
2 , while

the Euclidean correlator GE(τ ; e, e′) can be obtained by taking t = −iτ with 0 < τ < β.

In the large ν limit (3.1), using (3.9) we can approximate the sum over l in (3.17) by

an integral over k

G+(t, θ) ≈ ν3

8π3i sin θ

∫ ∞

−∞

dudk k e−iνut+iνkθ 2νeνZ(u,k) (3.18)

where θ = cos−1(e · e′) and we have extended the integration range for k to (−∞,∞) using

that Z is an even function of k. (3.18) can be evaluated by the method of steepest descent

with the saddle points determined by

∂Z

∂u
= it,

∂Z

∂k
= −iθ . (3.19)

Using equations (3.16) and (3.13) we find that (3.19) become

t = t(E, q), θ = d(E, q) (3.20)

i.e. bulk geodesics with end point separation given by (t, θ) appear as saddle points of (3.18).

Since from (3.14) the regularized geodesic distance L(t, θ) and Z(u, k) are related by a

Legendre transformation, one finds that

G+(t, θ) ≈
∑

i

2νJ
1

2

i

( ν

2π

)2
e−νLi

(
1 + O(ν−1)

)
(3.21)

where i sums over the saddles along the steepest descent contour. The Jacobian J is due

to the Gaussian integration around the saddle points.

Some remarks:

1. J can be interpreted as the density of the geodesics. It is proportional to the Van

Vleck-Morette determinant for the geodesics. One can check that (3.21) agrees pre-

cisely (including the prefactor J) with the expression obtained directly from the

geodesic approximation to the coordinate space path integral

G(x, r;x′, r′) =
∑

paths

e
i
~
mS , (3.22)

after taking the end points to the boundary.

2. In the standard geodesic approximation to (3.22), it is often a subtle question in

Lorentzian signature to determine which geodesics contribute to the sum (3.21). In

our approach, the steepest descent approximation of the Fourier transform (3.17)

gives a precise prescription for determining the sum.

3. Higher order terms in (3.21) can be computed systematically in our approach.
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Figure 4: The structure of branch cuts of Z(u) and rc(u) for r0 = 1, r1 = 2. At finite ν, the branch

cuts become the pole lines of G+(ω, l = 0) as in figure 2. The asymptotic regions are labelled by

S± or B±, indicating whether the turning point for the corresponding u approaches the singularity

(S±) or the boundary (B±).

4. Black hole singularites in Yang-Mills theory

In this section we discuss how information about the black hole singularity can be extracted

from Z(u, k) using its relations with the bulk geodesics developed in the last section. For

simplicity, we restrict our discussion to k = 0, in which case the corresponding bulk geodesic

has zero angular momentum. The discussion for general k is more involved and will appear

in [23]. The k = 0 case already captures many of the essential elements.

4.1 Probing the physics beyond the horizon and near the singularity

We first consider the analytic continuation of Z(u, k = 0)14 to general complex u. We will

see that the analytic continuation allows us to probe the regions beyond the horizon and

near the singularity.

As discussed in section 2.3, when u > 0, the turning point rc(u) in (3.10) lies outside

the horizon, i.e. rc > r0. The integration contour runs along the positive real r-axis from

rc to +∞. The analytic continuation of Z(u) to the full complex u-plane involves the

following two aspects:

1. Analytically continue the turning point rc(u) from that for real u > 0;

2. Smooth deformation of the integration contour as rc moves on the complex r-plane.

Both steps have some subtleties, which we now discuss in detail.

The analytic continuation of rc from the u > 0 region is not unique, since rc(u) has

branch points in the complex u-plane at which it merges with other solutions of (3.6).

These are also branch points of Z(u). When k = 0 (3.6) is a quadratic equation for r2 and

rc(u) coincides with other roots when

(u2 − 1)2 + 4µ = 0 . (4.1)

14In the following, we will simply write it as Z(u) and similarly use G+(ω) for G+(ω, l = 0).
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Figure 5: A radial spacelike geodesic can be described by a particle of energy −u2 moving in the

potential U = −f . The horizon is at r = r0. For u2 < 0, the turning point lies inside the horizon.

From (4.1) we find that rc(u) has four branch points at

u0 = ±(r1 ± ir0) = ±2π

B
,±2π

B . (4.2)

For rc and Z to be single-valued on the u-plane, branch cuts have to be specified. Different

choices of the branch cuts correspond to different ways of performing the analytic contin-

uation. The locations of the branch cuts cannot be determined from the integrals (3.10)

or (3.15) alone. To determine them we need to use analytic properties of G+(ω). As dis-

cussed around equation (2.23), the only singularities of G+(ω) at finite ν are four lines of

poles located at

u ≈ 2π

B
+

ω0

ν
+

4πn

νB
, n = 0, 1, · · · . (4.3)

and the reflections of (4.3) with respect to the real and imaginary u axes. In the large

ν limit, since the spacings between poles go to zero, these lines of poles become branch

cuts of Z(u).15 This determines the directions of the branch cuts to be along the radial

direction from each branch point to infinity (see figure 4).

With the branch cuts precisely specified, rc(u) can now be uniquely determined from

that for u > 0. In particular, figure 4 implies that the analytic continuation should be

done through the region around u = 0. To to be definite, let us concentrate on real u2. In

this case, a convenient way to visualize how the turning point changes with u is to treat

equation (3.12) as the motion of a one-dimensional particle of energy E2 = −u2, moving

in a potential16

U = −V = −f , (4.4)

as in figure 5. For real u, rc > r0, i.e. the turning point lies outside the horizon, while for

u pure imaginary, rc < r0 and the the turning point lies inside the horizon. One can also

15The simplest example exhibiting this behavior is a Gamma-function Γ(νz). The function has poles

along the negative real axis for finite ν. In the large ν limit, upon using the Stirling formula, the pole line

is replaced by a branch cut.
16Note the potential V is inverted since we work in the classically forbidden region of the Schrodinger

problem (2.15).
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Figure 6: Radial geodesics in the Euclidean section of the spacetime which corresponds to real

values of u. The Euclidean section of the r− t plane is a disk with it as the angular coordinate and

the origin of the disk at r = r0. The solid circle is the boundary. Geodesics with u > 0 (i and ii)

and u < 0 (iii) are schematically plotted. Geodesic ii correspond to the large u limit, in which case

the tuning point is close to the boundary and the end points of the geodesic are nearly coincidental.

i

ii

iii

Figure 7: Radial geodesics in the Lorentzian section of the spacetime corresponding to pure

imaginary values of u = iE are schematically plotted. Geodesics i and ii have E > 0 while iii has

E < 0. Geodesic ii correspond to the limit E → +∞, in which case the tuning point is close to the

singularity and the geodesic becomes nearly null.

solve (3.6) explicitly and rc(u) is given by the positive branch of the equation

r2
c =

√

µ +

(
1 − u2

2

)2

− 1 − u2

2
. (4.5)

With the turning point specified, one can now find the bulk geodesics corresponding

to various values of u from simple geometric considerations. For example, real values of

u correspond to radial geodesics in the Euclidean section of the spacetime (see figure 6),

since from (3.13) and (3.11) t is pure imaginary along the geodesics. Pure imaginary values

of u = iE (E real) correspond to real geodesics in the Lorentzian section of the spacetime,

which connect two asymptotic boundaries (see figure 7). The turning point of such a

geodesic lies in region II for E > 0 and in region IV for E < 0 (see also figure 1).

The dependence of rc on u illustrates some interesting features in the relation between

bulk and boundary scales. For real u → ±∞, the turning point is given by

rc ≈ |u| → +∞ (4.6)

i.e. the turning point approaches the boundary. In this limit, the end points of the geodesic

becomes nearly coincidental. When u decreases, rc also decreases. The turning point rc

reaches the horizon for u = 0. This behavior reflects a familiar feature of the AdS/CFT
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Figure 8: The integration contours in the complex r-plane for (a): u > 0, (b): u < 0, (c):

u = iE, E > 0, (d): u = iE, E < 0. The solid dot indicates the pole r = r0 of the integrand

(horizon).

correspondence, called IR/UV connection [1, 38], which relates long distances in the AdS

spacetime to high energies in the boundary theory. The turning point rc moves inside the

horizon when u moves along the imaginary axis from the origin. Let u = iE. Then as |E|
increases, rc decreases (see equation (4.5)). For |E| → +∞, we find that

rc ≈
√

µ

|E| → 0 (4.7)

i.e. the turning point approaches the singularity. Thus when dealing with physics inside

the horizon, there appears to be a new feature. To probe deeper inside the horizon requires

larger E. Since the singularity may heuristically be considered as the UV of the bulk, we

find a UV/UV connection. It is important to keep in mind that inside the horizon, r plays

the role of the time coordinate. This indicates that the “time” inside the horizon is indeed

holographically generated from the boundary Yang-Mills theory.

The above discussions can be easily generalized to all complex values of u using equa-

tion (3.6). In particular, from (3.6), |rc| → 0 requires that |u| → ∞, due to the fact that

f blows up at the singularity (large curvature effect). Conversely, |u| → ∞ implies either

|rc| → 0 or |rc| → +∞. Thus along different directions to infinity in the complex u-plane,

the turning point either approaches the boundary or the singularity. The branch cuts in

figure 4 divide the complex infinity of the u-plane into various asymptotic regions. The

regions which correspond to the singularity or the boundary are indicated in figure 4. Near

the real u axis, the turning point approaches the boundary as |u| → +∞. As |u| → +∞
near the imaginary u axis, the turning point approaches the singularity.

We now look at the second aspect of the analytic continuation of Z(u). This involves

the deformation of the integration contour in (3.10) (or (3.15)) as rc(u) moves in the

complex r-plane. As the contour is deformed, one needs to be careful about the contribution

of the pole at r = r0 of the 1/f factor in the integrand. To find the contribution of the

pole, it is enough to consider when the turning point is close to the pole.17 This happens

when |u| is small, in which case a prescription for the contour deformation can be obtained

17f also has other poles at −r0 and ±ir1. The analytic continuation procedure is such that the turning

point never coincides with these poles.
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from the requirement that Z(u) be analytic at u = 0. The contours for other values of u

can then be obtained by continuous deformation without further subtlety. The resulting

contours for real and pure imaginary u’s are plotted in figure 8, from which the contribution

of the pole can be readily obtained.

For real u < 0, the contribution from the pole to t(u) of (3.15) is −iβ. This is precisely

the period of the complex time and matches with the geometric picture of figure 6. When

u = iE for real E, the imaginary part of t(u) solely comes from the pole contribution and

we find

Im t(iE) = − iβ

2
, E real . (4.8)

This shows that the end point of the corresponding geodesic lies in the other asymptotic

boundary, i.e. region III of figure 1, again consistent with figure 7.

To summarize, through the function rc(u), we establish a correspondence between the

complex u- and r-planes. G+(νu) evaluated at u in the large ν limit probes the black

hole geometry near rc(u). The boundary correlation functions encode not only the bulk

geometry outside the horizon, but also regions beyond the horizon and near the singularity.

We emphasize that the proper identification of the branch cuts for Z(u) and rc(u)

(which in turn depends on the knowledge of poles for G+(ω)) is crucial for our conclusion

above. Different choices of the branch cuts could lead to completely different physical

pictures. For example, a different analytic continuation procedure may lead to a rc(iE)

that for real E is not given by the positive branch of (4.5), but some other root of the

turning point equation (3.6). In that case one cannot associate the geodesics in figure 7

with G+(ω) and it is not clear one could probe the physics beyond the horizon.

Given Z(u) from the large ν limit of the boundary G+(νu), the problem of finding the

bulk metric is essentially a classical inverse scattering problem. Due to the large number

of isometries of the background, the problem is effectively one-dimensional, being that of a

particle moving in (4.4). The equivalent one-dimensional problem can be phrased as follows.

Consider sending a particle toward the potential from r = ∞ and waiting for it to come

back. L(E) is then the (regularized) time interval for this scattering process. With the

knowledge of L(E) for all values of E, one can in principle reconstruct the potential (4.4).

At a given E, L(E) probes the behavior of the potential (4.4) near the turning point rc(u).

4.2 Manifestations of singularities in boundary theories

We have found that the geometry around the black hole singularity is encoded in the

behavior of G+(ω) near the imaginary infinity. We now examine the manifestations of the

singularity explicitly.

The integrals in (3.15) can be evaluated explicitly and one finds18

L(u) = −1

2
log(A+Ã+A−Ã−) + 2 log

|B|
2π

t(u) =
β

4π
log

(
A+Ã−

A−Ã+

)
− i

β̃

4π
log

(
A+Ã+

A−Ã−

)
− iβ

2
(4.9)

18The expressions below were obtained before in [12] in a somewhat different form.
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and

A± =
1

2
± u

B
4π

, Ã± =
1

2
± u

B
4π

(4.10)

In (4.9) the branch cuts of the logarithms are chosen to be straight lines extending radially

from ±2π
B

and ±2π

B
to ∞, as follows from the discussion in previous subsection (see figure 4).

Expanding (4.9) for large |u| we find that L(u) and t(u) of (3.15) can be written as

L(u) = −2 log

(
[u]

2

)
+

∞∑

n=1

a2n

2n

1

u2n

t(u) = t0 − i
2

u
− i

∞∑

n=1

a2n

2n + 1

1

u2n+1
(4.11)

which lead to the expansion for Z(u)

Z(u) = iut0 + 2 log [u]
2 + 2 − ∑∞

n=1
a2n

2n(2n+1)
1

u2n . (4.12)

In (4.11) and (4.12),

an =

(
2π

B

)n

+

(
2π

B

)n

and t0 and [u] are given by

t0 =





0 u ∈ B+

−iβ u ∈ B−
B
2 u ∈ S+

−B
2 u ∈ S−

, [u] =





u u ∈ B+

−u u ∈ B−

−iu u ∈ S+

iu u ∈ S−

, (4.13)

where B± and S± denote asymptotic regions in figure 4 whose corresponding turning point

approaches the boundary and the singularity respectively. The values of t0 for various limits

can be easily understood from the geometric pictures of the geodesics in figures 6 and 7.

When u → ±∞, the end points of the Euclidean geodesics become nearly coincidental. The

value −iβ for u → −∞ is precisely the full period of the Euclidean circle. When u → ±i∞,

the bouncing geodesics in figure 7 become nearly null and the corresponding values of t0
in (4.13) are twice of those in (2.5).

Equations (4.12) implies that as ω = νu → ±i∞, the boundary correlation function

behaves as

G+(ω, l = 0) ≈ 1

π(Γ(ν))2

(
∓i

ω

2

)2ν

e
iω

“
±

eβ
2
−

iβ
2

” (
1 + O

(
1

ω2

))
(4.14)

where the upper (lower) sign corresponds to ω → +i∞ (−i∞). Note that the correlation

function decays exponentially along these directions. For ω → ±∞ near the real axis, we

find

G+(ω, l = 0) ≈
{

1
π(Γ(ν))2

(
ω
2

)2ν (
1 + O

(
1

ω2

))
ω → +∞

1
π(Γ(ν))2

(
−ω

2

)2ν
eβω

(
1 + O

(
1

ω2

))
ω → −∞

. (4.15)

While equations (4.14) and (4.15) were derived in the large ν limit, they should hold for

finite ν, since the |u| → ∞ limit should coincide with the limit |ω| = ν|u| → ∞ regardless
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of the value of ν. Note that (4.15) is precisely what one would expect of the large frequency

behavior of a conformal field theory at finite temperature.19 The exponential falloff in (4.14)

reflects the presence of a curvature singularity in the bulk. The falloff is controlled by the

complex parameter B (introduced in (2.6)) which characterizes the black hole geometry.

4.3 Generalizations to nonzero angular momentum

The above discussions can be extended to Wightman functions of nonzero angular mo-

menta. We summarize some main results here, leaving detailed discussions to [23]:

1. For boundary angular velocity k real, which corresponds to geodesics of pure imag-

inary angular momentum, the structure of the branch cuts for Z(u, k) is similar to

figure 4. The locations of the branch points and the directions of the branch cuts de-

pend nontrivially on k. At finite ν, the branch cuts become lines of poles of G+(ω, l).

2. For bulk geodesics with real angular momentum q, an important new feature appears:

there exist geodesic orbits with constant real r. The existence of such orbits leads

to the appearance of virtual states (if there is an orbit lying inside the horizon)

or bound states (if there is an orbit lying outside the horizon) in the Schrodinger

problem (2.15). These virtual states or bound states lead to two new lines of poles

of G+(ω, l) along the imaginary ω-axis for pure imaginary l. Thus Z(u, k) has two

new branch cuts along the imaginary u-axis for k = iq pure imaginary.

3. It remains true that the turning point approaches the boundary (singularity) for

|u| → ∞ along the real (imaginary) axis. Furthermore, for any fixed l, in the large ω

limit, equations (4.14)–(4.15) remain valid.

4. In the limit that q goes to zero, the branch cuts for Z(u, iq) along the imaginary axis

move to infinity and figure 4 is recovered. The fact that there are branch points at

u = ±i∞ at q = 0 leads to interesting behaviors in the expansion of Z(u, k) around

k = 0. For example, let u = iE with real E, then one finds that to leading order in

the limit E → +∞, Z(u, k) has the following small k expansion20

Z(iE, k) ≈ −E
B
2

+ 2 log
E

2
+ 2 +

1

E2

∞∑

l=1

al

(
k2E2

)l
+ · · · (4.16)

with

a1 = − π

2µ
1

2

, a2 =
3π

16µ
3

2

, al ∼
1

µ
2l−1

2

(4.17)

where µ dependence can be deduced based on dimensional analysis. Note that the

expansion parameter for small k is given by k2E2 and the derivatives over k at k = 0

become divergent in the large E limit. We will see in the next section that (4.16)

leads to divergences in certain gauge invariant observables in the boundary theory.

19When real ω → +∞, one expects the correlation function to recover the zero temperature result.

The second line of equation (4.15) follows from the general properties of the Wightman function at finite

temperature.
20Note that the equation below is obtained by first doing a small k expansion and then taking leading

order terms in 1/E.
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We also mention by passing a few other generalizations:

5. The discussions of this section can also be generalized to an AdSd+1 black hole of

dimension d ≥ 2 [23]. All the essential features for AdS5 black holes carry over to

other dimension d ≥ 3. A special case is a BTZ black hole in AdS3, which has

an orbifold singularity and the story is somewhat different. In the BTZ case, the

corresponding Schrodinger equation (2.15) can be exactly solved and the relation

between the large ν limit of Wightman functions and bulk geodesics can be explicitly

verified.

6. The subdominant contributions in (3.9) can also be worked out using a more sophis-

ticated WKB method involving more than one turning point. One can show that an

infinite number of subdominant contributions become important at the branch cuts21

where they add up to produce the poles of G+(ω, l). In [24] we use this property to

derive the positions of poles of G+ for general l and dimension in the large ν limit.

7. While we have not examined it in detail, it is interesting to compute the higher order

1/ν corrections in (3.9). In particular, the function Q(z) (3.2) will start contributing

at the order O(1/ν). Since Q(z) becomes singular at r → 0, it would be interesting

to see whether it yields new manifestations of the singularity in the boundary theory

correlation functions.

4.4 Coordinate space correlators and alternative indications of curvature sin-

gularities

In this subsection we consider the Fourier transform of G+(ω, l) to coordinate space. To

make connection to the result of [12], we consider

G12(t, θ = 0) = G+

(
t − iβ

2
, θ = 0

)
(4.18)

which can be obtained from (3.17) by taking t → t − iβ
2 and corresponds to inserting

operators on two different boundaries. We restrict to θ = 0 for simplicity. In the large

ν limit, G12 can be evaluated in exact parallel of the discussion of section 3.3. One can

approximate the sum over l by an integral

G12(t) ≈
ν4

8π3

∫ ∞

−∞

dudk k2 e−iνut− 1

2
νuβ 2νeνZ(u,k) (4.19)

and perform the integrals using the saddle point method.

From the discussion of section 3.3, the saddles of (4.19) correspond to geodesics whose

end points lie on different boundaries and are separated in time by an amount t and no

21In other words, the branch cuts are anti-Stokes lines for an infinite number of subdominant exponentials.

The Stokes lines can be obtained from the branch cuts by rotating ±
π
2
. A simple example which also exhibits

this phenomenon is the Gamma-function (see e.g. [39]).
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Figure 9: The contour plot for the real part of Z(u, k = 0) − iu(t − iβ

2
) for t <

eβ

2
in the complex

u-plane. There is a saddle on the imaginary axis and two complex ones. The steepest descent

contour is also shown in figure. The contour does not pass through the saddle on the imaginary

axis even if it dominates.

separation on S3. The saddle for the k-integral is simply k = 0. The saddles for the

u-integral are given by

∂Z(u, k = 0)

∂u
= it +

β

2
. (4.20)

Note that Z(u, k = 0) can be obtained from (4.9). The solutions to (4.20) can be visualized

conveniently on the contour plot of the real part of Z(u, k = 0)− iu(t− iβ
2 ) in the complex

u-plane. See figure 8. In the figure we also indicate the steepest descent paths to which

the integration contour of (4.19) can be deformed.

The dependence of the saddle point structure on t can be summarized as follows. For

t < tc =
eβ
2 , there are three saddles, as indicated in figure 8. The one on the imaginary

axis corresponds to a real geodesic in Lorentzian black hole spacetime with a turning point

inside the horizon (see figure 7). This is the bouncing geodesic discussed by [12]. We will

refer to this saddle as the bouncing saddle below. The other two saddles describe complex

geodesics, which do not seem to probe the physics beyond the horizon. As t approaches

tc, the bouncing saddle moves to infinity along the imaginary axis and the turning point

of the geodesic approaches the singularity. For t > tc, the bouncing saddle disappears.22

From the steepest descent contour, we conclude that the bouncing geodesic does not

contribute to coordinate space correlation functions. This result was obtained in [12] by

analytical continuation from Euclidean signature.23 Here we confirm their result.

22For t > tc, the two complex saddles wind around the branch points at 2π
B

and −
2π

B
respectively and

approach them as t → ∞.
23In [12] it was argued that the information regarding the bouncing geodesics and thus the singularity

can nevertheless be obtained by analytic continuation in the large ν limit, since there exist certain values

of t for which the bouncing saddle merges with other saddles.
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Figure 10: The integration contours for G12(t) (C1) and H12(τ) (C2).

4.5 New observables of the boundary theory and manifestations of the curva-

ture singularity

While the bouncing geodesic does not contribute to (4.18) directly, from momentum space

correlation functions, we can easily construct observables in the boundary theory which

are approximated by the bouncing geodesics in the large ν limit.

Let us start with two-sided correlator (4.18) with coincidental spatial coordinates

G12(t) = Tr
[
e−βHO(t − iβ/2, e)O(0, e)

]

=
1

4π2

∞∑

l=0

2(l + 1)2
∫

C1

dω

2π
e−iωtG12(ω, l) (4.21)

where the contour C1 is along the real ω-axis and

G12(ω, l) = e−
ωβ
2 G+(ω, l) . (4.22)

From (4.14)–(4.15) and the comments in section 4.3 regarding their generalizations to

nonzero l, we find that the large ω behaviors of G12(ω, l) are given by

G12(ω, l) ≈





1
π(Γ(ν))2

(
∓iω

2

)2ν
e±

iω eβ
2 ω → ±i∞

1
π(Γ(ν))2

(
±ω

2

)2ν
e∓

βω
2 ω → ±∞ cr

(4.23)

We now construct new observables in the boundary theory

H12(τ) =
1

4π2

∞∑

l=0

2(l + 1)2
∫

C2

dω

2π
e−iωτG12(ω, l) (4.24)

where the contour C2 are along the imaginary axis. H12(τ) can be defined for − eβ
2 < τ <

eβ
2

due to the exponential falloff (4.23) of G12(ω) along the imaginary axis. Note that H12(τ)

is gauge invariant by definition. While its existence depends on the asymptotic behavior of

G12(ω, l) along the imaginary ω-axis, it is an object which can in principle be intrinsically

defined in the boundary theory.24

24One can of course define H12(τ ; e, e′) for non-coincidental points on S3. We do not expect divergences

for them. They will be discussed in [23].
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In the large ν limit (4.24) can be evaluated in exact parallel as (4.18)–(4.19) by ap-

proximating the sum over l by an integral and performing the saddle point approximation

in the resulting integrals. The only difference is that the integration contour for ω is now

along the imaginary axis rather than the real axis. Thus instead of picking up the two

complex saddles in figure 8, (4.24) is given by expanding around the bouncing saddle on

the imaginary axis.

As δt = tc − τ → 0, the bouncing saddle moves to the imaginary infinity and the

turning point rc of the corresponding geodesic approaches the singularity. In this limit,

we can use (4.16) to approximate Z(u, k). Then the integrals for H12 can be written as

(u = iE)

H12(τ) ∼
∫

dE

∫
dkk2 exp

[
−νEδt + 2ν log

E

2
+

ν

E2

∞∑

l=1

al

(
k2E2

)l

]

∼ (Ec)
2ν+1

(
1 +

∞∑

n=1

cn

(
E2

c

ν
√

µ

)n
)

∼ 1

(δt)2ν+1

(
1 +

∞∑

n=1

bn

(ν
√

µδt2)n

)
(4.25)

where the saddle for the k-integral is k = 0 and for the E integral is

Ec ≈
2

δt
→ ∞ . (4.26)

Note that in (4.25) we have only worked out the qualitative δt dependence in the small

δt limit rather than attempting a precise evaluation. The order of limits should be first

ν → ∞ and then δt → 0. In evaluating the high order 1/ν terms in (4.25), there are two

other sources of 1/ν corrections that we did not take into account: 1/ν corrections in (3.9)

and those in turning the sum over l in (4.24) to an integral. Since we are only interested

in power counting, apart from magic cancellations, this will not affect the qualitative

behaviors in (4.25). The divergences in 1/νn terms arise from the k-integral and are due

to the structure of the small k expansion in (4.16).

Note that (4.25) is precisely what one expects of a bouncing geodesic as its turning

point approaches the singularity. From the bulk point of view, one expects the contribution

from the geodesic should take the form25

J
1

2 e−νL

(
1 +

∞∑

n=1

Rn

νn

)
(4.27)

where L is the regularized the geodesic distance, J is the Van Vleck-Morette determinant.

Higher order terms in (4.27) arise from cubic and higher order terms in the sum over paths

around the geodesic and Rn can be expressed in terms of bulk geometric quantities in

the form of components of curvature tensors (and their derivatives) integrated along the

geodesic. In general the explicit expressions for Rn are very complicated (see e.g. [40]). On

25Similar argument was also used in [12].
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dimensional ground, one expects that in the limit that the turning point approaches the

singularity Rn ∼ 1
εn , with ε the proper time between the turning point and the singularity.

This leads to

H12 ∼ J
1

2 e−νL

(
1 +

∞∑

n=1

bn

(νε)n

)
. (4.28)

Equation (4.28) precisely agrees with (4.25) since from the metric (2.2)

ε ∼
∫ rc

0

dr√
f
∼ r2

c√
µ
∼

√
µ

E2
c

∼ √
µδt2

where we have used (4.7) and (4.26).

To summarize we have constructed new gauge invariant observables (4.24) in the

boundary theory that are sensitive to the physics beyond the horizon and in particular

their behaviors near τ → eβ
2 precisely reflect the curvature divergence of the singularity.

These observables are related nonlocally in time with (4.18). It would be interesting to

better understand their meaning in Yang-Mills theories.26

5. Discussions: resolution of black hole singularities at finite N ?

In this paper we established a direct relation between space-like geodesics in the bulk

and the large operator dimension limit of the boundary Wightman functions G+(ω, l) in

momentum space. The results present an intriguing picture on how physics beyond the

horizon is encoded in the boundary theory. In particular, it gives a clear indication that

the “time” inside the horizon is holographically generated from the thermal Yang-Mills

theory.

The poles of G+(ω, l) separate the asymptotic region of the complex ω-plane into

several sectors (see figures 2 and 4). The sectors near the real axis describe the physics

near the boundary while the sectors near the imaginary axis describe the physics near the

singularity.27 We found the following signals of the singularity in the boundary theory:

1. G+(ω, l) falls off exponentially for ω → ±i∞ (see equation (4.14) or (4.23)). The

falloff is controlled by the complex parameter B (2.6), which characterizes the black

hole geometry.

2. We constructed new observables H12(τ) (equation (4.24)) in the boundary theory

which are related nonlocally in time with coordinate space Wightman functions. The

curvature divergence of the singularity is reflected in the divergences of H12(τ) as

τ → ± eβ
2 . While the leading order divergence of H12(τ) (i.e. the prefactor in (4.25))

26It seems possible to define a new theory whose momentum space correlation functions evaluated at ω

are given by G+(iω). H12(τ ) would correspond to “Euclidean” Green functions in this new theory.
27We note that this conclusion does not depend sensitively on whether the curvature singularity lies in

the Lorentzian section of spacetime. For example, if one regularizes f in (2.2) by f = r2 + 1− µ

r2+ε2
with a

small ε to move to the singularity to the complex r-plane [15], the picture would remain exactly the same,

provided this does not change the pattern of quasinormal poles significantly, which should be the case for

ε small.
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can be attributed to 1. above, the divergences in higher order 1/ν terms are due to

more delicate behavior of Z(u, k) for small k and u → ±i∞.

While the above results were derived in the large ν expansion, the essential features should

persist for finite ν. For example, we expect equations (4.14) and (4.16) should be valid for

finite ν as well.28

We now comment on the implications of our results in resolving the black hole singu-

larity.

The rich analytic behavior observed for G+ in the complex ω-plane is tied to the fact

that in the large N limit, the boundary theory has a continuous spectrum, even though

it lives on a compact space. In the bulk, the continuous spectrum arises because of the

presence of the horizon. In Yang-Mills theory, the continuous spectrum should be related

to the fact that in the high temperature phase, typical states in the thermal ensemble have

energy of order N2.29

At finite N , no matter how large, the boundary theory on S3 has a discrete spectrum.

In particular, the finite temperature Wightman function should have the form

G+(ω) = 2π
∑

m,n

e−βEmρmnδ(ω − En + Em) (5.1)

which is a sum of delta functions along the real ω-axis, where m,n sum over the physical

states of the theory. G+(ω) in equation (5.1) does not have an unambiguous continuation

off the real axis. In particular, the procedures of analytically continuing G+ to complex

ω and taking the large N limit do not commute. Equation (4.14) arises by taking the

large N limit first and then doing the analytic continuation. This appears to imply that at

finite N , geometric notions associated with a black hole, such as the event horizon and the

singularity, no longer exist. This is not surprising since the black hole geometry arises as a

saddle point in the path integral of the boundary theory in a 1/N expansion. If one does

not use such an expansion, the geometric notions lose their meaning. Thus the singularity

appears to be resolved at finite N .

The above arguments, however, do not tell us how the singularity is resolved. There

are several possibilities according to which the singularity can be resolved in AdS/CFT:

I. The singularity is already resolved by α′-effects in perturbative string theory, i.e. at

finite ’t Hooft coupling and infinite N .

IIa. The singularity is resolved only at finite N . But at infinite N there is a large N

phase transition at certain value of the ’t Hooft coupling.

IIb. The singularity is resolved only at finite N and there is no large N phase transition

for any ’t Hooft coupling.

28This can be checked explicitly using other approximations.
29These states have degeneracies of order ecN2

for some constant c in free theory. When turning on

interactions, one expects the degeneracy is lifted and the energy levels have spacings of order e−cN2

.

This gives rise to a continuous spectrum in the infinite N limit. We thank O. Aharony, M. Douglas and

S. Minwalla for a discussion of this point. Also note that in the low temperature phase, the Yang-Mills

theory has a discrete spectrum even at N = ∞.
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To see which possibility is realized, it is important to investigate whether the signals of

the singularity found this paper and in [12] persist to weak coupling in the large N limit.

If the answer is yes, it would strongly suggest possibility IIb above. This would be a very

desirable situation since one would then be able to study the black hole singularity in string

theory using weakly coupled Yang-Mills theory and focusing on the large N limit. If the

answer is no, then both I and IIa are possible. In the event that IIa is realized, one should

still be able to detect signals of the singularity at weak coupling, even though the precise

signals may not be directly obtainable from the results at strong coupling.

In any case, we believe the results in the paper should provide a valuable guide for

understanding the black hole singularity in AdS/CFT.

Finally, it would be interesting to apply the techniques we developed in this paper to

other backgrounds, like charged or rotating black holes.
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A. Fourier transform on S3

A complete set of scalar harmonics on S3 can be written as Ylmm′(e) transforming under

(l/2, l/2) representations of SO(4) = SU(2) × SU(2) with −l/2 ≤ m,m′ ≤ l/2. We use e

to denote a point on S3 and I = (l,m,m′) to denote the full set of indices. YI is normalized

so that
∫

S3

Y I(e)Y J(e) = δIJ

∑

m,m′

YI(e1)YI(e2) =
1

4π2
2(l + 1)Cl(e1 · e2)

with

Cl(cos θ) =
sin(l + 1)θ

sin θ
.

Also note that

∇2
S3Y

I = −l(l + 2)Y I

where ∇2
S3 is the Laplace operator on S3.
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Consider a correlation function G(e, e′) on S3 which only depends on the geodesic

distance between two points e and e′. It can be expanded as

G(e, e′) =
1

4π2

∞∑

l=0

2(l + 1)Cl(e · e′)G(l)

=
∑

I

G(l)Y I(e)Y I(e′) .
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